The most commonly used model for battery energy storage systems (BESSs) in optimal BESS allocation problems is a constant-efficiency model. However, the charging and discharging efficiencies of BESSs vary non-linearly as functions of their state-of-charge, temperature, charging/discharging powers, as well as the BESS technology being considered. Therefore, constant-efficiency models may inaccurately represent the non-linear operating characteristics of the BESS. In this paper, we first create technology-specific linearized BESS models derived from the actual non-linear BESS models. We then incorporate the linearized BESS models into a mixed-integer linear programming framework for optimal multi-technology BESS allocation. Studies carried out on a 2,604-bus U.S. transmission network demonstrate the benefits of utilizing the linearized BESS models from the model accuracy, convexity, and computational performance viewpoints.
INTRODUCTION
The utilization of renewable energy resources for bulk power generation has seen a rapid growth over the last few decades. With more than 15 GW of solar photovoltaic (PV) to be installed annually till 2024, it is anticipated that the total installed PV capacity will more than double in the next five years [1] . However, the intermittency of renewable energy resources may create imbalances in power supply and demand, detrimentally affecting the bulk power system (BPS)'s reliability and stability. Considering such impacts, energy storage systems (ESSs) are a feasible solution, as they can act as buffers to help mitigate the variability of renewable resources. However, it is essential to optimally allocate ESSs, particularly for BPSs, owing to the relatively high initial capital and maintenance costs for ESSs, e.g., battery ESSs (BESSs) [2] . System-wide benefits, e.g., mitigation of line congestion and deferral of transmission upgrades can also be obtained through optimal BESS allocation.
Refs. [3] - [9] solved the optimal BESS allocation problem for transmission networks in order to minimize generation cost, optimize storage portfolio, or transmission expansion investments. Refs. [9] - [12] have dealt with optimal BESS allocation in microgrids and distribution networks. However, the linear constant-efficiency BESS models used in [3] - [12] are not realistic since the nature of BESS operation depends on the technology being considered, whose efficiencies vary nonlinearly with the charging and discharging powers, state-ofcharge (SOC), and temperature [13] - [16] . Moreover, [13] , [14] showed that, when compared with the non-linear BESS models, the linear constant-efficiency models provided inaccurate representations of the BESS's economic benefits in short-term power system operation problems. Therefore, one should model the diverse non-linear operating characteristics of BESSs for an accurate assessment of the techno-economic benefits of such technologies. In the past, non-linear BESS models have been utilized in SOC estimation and control applications [17] - [19] . However, these models focus on the non-linear fast dynamics of BESSs and are unsuitable for techno-economic analyses in short/long-term planning studies.
Ref. [13] quantified the benefits of incorporating technology-specific BESS models (Vanadium redox flow (VRF) and Lithium-ion (LI) BESSs) in power system optimization problems. However, the non-linear BESS operation models utilized in [13] make it very difficult to integrate them in large-scale power system planning problems as they become non-convex (potentially resulting in multiple locally optimal/sub-optimal solutions) and computationally intractable. Refs. [14] - [16] demonstrated the usage of piecewise linearization for building linear operation models of LI BESSs by starting from the original non-linear operation models. However, binary variables introduced by the BESS optimization models would render them unsuitable for largescale transmission planning problems, such as the one being studied here. Based on the aforementioned research gaps, this paper makes the following salient contributions: 1. Development of a novel linearized scenario-based BESS allocation scheme that incorporates accurate linear programming (LP) models of two different BESSs (VRF and LI) which provide complementary benefits [2] . 2. Performance evaluation of the proposed scheme for BESS siting and sizing using a real U.S. transmission network with regards to different BESS modeling approaches. The rest of the paper is organized as follows. Section II describes the proposed linearized scenario-based problem formulation to allocate multiple BESS technologies. Section III builds LP operation models of the original non-linear VRF and LI BESS models for integration into the proposed BESS planning scheme. Section IV contains optimal BESS allocation results demonstrating the various benefits of using the proposed LP BESS models over other BESS models. Lastly. Section V presents the concluding comments.
II. PROPOSED SCENARIO-BASED PROBLEM FORMULATION
FOR MULTI-TECHNOLOGY BESS ALLOCATION Prior to solving large transmission planning problems, it is important to efficiently generate realistic uncertain solar PV power output and load scenarios. To learn the spatio-temporal correlations between system loads from actual load data, [20] proposed the usage of principal component analysis (PCA) and topology-based metrics. New synthetic load data with characteristics comparable to real load could be generated using that model. In [21] , [20] 's approach was enhanced for modeling seasonal variations in both wind power output and system load. In this paper, the algorithm developed in Section III-A of [21] is applied to solar PV as well as load scenario generation. Real hourly data of power output from multiple solar farms and system load data for eleven years (2009-2019) was collected from a large power utility operating in the U.S. Southwest. A scenario reduction technique called submodular scenario reduction (SSR) [22] was used to identify representative solar PV power and load scenarios.
The scenarios of solar PV power output and system load generated previously (see [21] for more details) are utilized in formulating the optimal VRF and LI BESS allocation problem. The transmission network is also equipped with capacitor banks which participate in attaining the desired objectives (minimize bus voltage fluctuations, lower operation costs); as such, their operations are also appropriately modeled in the optimization formulation. The problem formulation is given below, where (1) is the objective function.
In (1), , , , and are the total cost, network operation cost, storage investment cost, and storage repair cost, respectively. Parameters , , , , , , , , , , Δ , , , , , , , , , and are the number of scenarios, scenario probability, number of generating units, emission cost, loss cost, number of lines, number of buses, voltage deviation penalty factor, renewable spillage cost, BESS energy cost per cycle, optimization time-step, leakage loss factor of BESS, discount rate, BESS's lifetime, length of year (days), BESS energy investment cost, BESS power investment cost, BESS power conditioning system (PCS) investment cost, BESS's repair cost, and PCS repair cost, respectively. Variables , , , , , , , , , , , , , , , , , , and represent line loss, the linearized fuel cost function, active power output of the generator, bus voltage deviation, solar power spillage, BESS energy rating, BESS discharge power, BESS charge power, energy stored in BESS, power rating of BESS, and power rating of PCS, respectively. The constraints imposed on (1) are as follows:
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In (2)-(9), , , Δ , , , , , , , , , , , , , , , , , , , and , represent the solar power output, bus voltage deviation, bus admittance matrix's real part, bus angle, bus admittance matrix's imaginary part, reactive power dispatch, reactive power output of solar resource, active power demand, inductive power demand, constant capacitive power demand, binary status variable, and BESS reactive power dispatch. Piecewise linearization of , , and ramping and power dispatch constraints related to conventional generation have also been modeled in this research. The original non-linear power flow equations are appropriately linearized using the logic proposed in [23] . The original nonconvex active power loss equations are piecewise linearized based on [24] . Additional constraints on BESS operation are:
, ≤ , ∀ , , . In (10) (18) is linearized by using McCormick envelopes [25] while using the MILP solver. Apart from (10)- (19) , charging/discharging powers of VRF BESS should be constrained to remain within its maximum absorption/delivering power [26] . Additional constraints on the BESS's reactive power control capability are found in [27] .
III. LINEAR PROGRAMMING (LP) OPTIMIZATION MODELS
FOR LI AND VRF BESSS In this section, we build accurate LP operation models of the original non-linear LI and VRF BESS models for integration into the proposed scenario-based optimal BESS planning model from Section II. The non-linearity and non-convexity from the non-linear LI and VRF BESS models primarily gets introduced in constraints (11) , henceforth referred to as functions 1 and 2 , respectively, for VRF BESS, and 3 and 4 , respectively, for LI BESS (we omit superscripts , and for ease of representation). It should be noted that 1 , 2 , 3 and 4 are bivariate non-linear functions that vary as a function of SOC and charging/discharging power [13] ; this non-linear dependence is clearly observed in Fig. 1 .
We now develop the LP models only for 1 and 2 representing the charging and discharging operation of the VRF BESS, respectively. The convex LP models for 3 and 4 are formulated in a similar manner and are not shown here due to space constraints. One can use the mathematical expression for function 1 ( , ) to generate a certain number of sampling points [13] , [15] . These samples can then be used to create a linear convex approximation of 1 . For every tuple [ 1 , , ] T , samples are generated; each sample is represented by [ 1 ̅̅̅̅ , ̅̅̅ , ̅̅̅̅̅̅ ] T . The number and range of the samples should be judiciously selected such that one is able to accurately capture the range of variation of 1 (shown in Fig. 1(a) ), while maintaining a balance between accuracy and computational burden. The linear convex model for 1 is formulated in (20) 
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In a similar manner, the linear convex model for 2 can be formulated in (23)-(25). 
∑ , = 1 , ∀ .
where, , and , represent the ℎ and ℎ continuous variables related to each sample in sample sets and , respectively. Finally, in order to ensure that the BESSs do not charge and discharge simultaneously, each of the sample sets for 1 , 2 , 3 , and 4 must have two samples denoted by [0,1,0] T and [0,0,0] T , where the numbers {0,1} denote the corresponding values in p.u.
IV. NUMERICAL RESULTS
We apply the developed BESS allocation scheme to a 2604bus system representing the actual power transmission network of a U.S. state. This system has a total generation capacity of 24,840 MW and total active power demand of 24,773 MW. Current and future locations of solar farms in this system were provided by a power utility operating in the U.S. Southwest. The system's PV penetration level as a percentage of total system load was fixed at ~50%. 100 representative scenarios of solar PV and load outputs were generated next. GUROBI is used to solve the scenario-based mixed-integer linear programs (MILPs) using a CPU with 3.6 GHz, Intel® Core™ i7-9700K 8-core processor and 64 GB RAM. Key parameter values used in this paper are found in Appendix B of [21] . For creating the LP BESS models described in Section III, 15, 13, 25 , and 17 sampling points were used for approximating 1 , 2 , 3 , and 4 , respectively.
Four modeling approaches are considered in this study: Model (a): non-linear programming models for both LI and VRF BESSs based on the non-linear equations for 1, 2, 3, and 4 [13] ; Model (b): traditional constant-efficiency BESS model (used in [3] - [12] ) for LI and VRF BESSs; the charging and the discharging efficiencies for LI BESS and VRF BESSs are held constant at 92% and 82% [2] , respectively; Model (c): MILP models for both LI and VRF BESSs; the bivariate piecewise linearization approach described in [28] is used to build the MILP optimization formulations for 1, 2, 3, and 4; and Model (d): LP models for both LI and VRF BESSs that were developed in Section III. The BESS allocation results for the four BESS modeling approaches are shown in Table I . We make the following observations from Table I : • Model (a): This modeling approach is the most realistic among the four approaches. However, in this model, one has to solve a non-convex mixed-integer non-linear program (MINLP), which results in locally optimal (or sub-optimal) solutions and long computation times. The MINLP version of the formulation given by (1) BESSs, it appears to give the best result among the four models, both in terms of BESS allocation as well as solution time. However, the results obtained using this model may not be very realistic since Fig. 1 since the problem of non-linearity and non-convexity is resolved by the bivariate piece-wise linearization of 1, 2, 3, and 4, which results in near-globally optimal solutions. It is also an improvement over Model (b) as it does not assume a constant efficiency for the BESSs. As such, one can observe that the BESS allocation results for this model lie in between the sub-optimal solution generated by Model (a) and the optimistic solution generated by Model (b). However, binary variables in large numbers get introduced in the BESS models by the triangle method [28] which results in the second-longest solution time.
• Model (d): The BESS allocation results obtained using this convex model are slightly higher from those obtained in Model (c) since it does away with the binary variables associated with the building of LPs for 1, 2, 3, and 4 as described in Section III. However, by doing so, the solution time is significantly reduced in comparison to Model (c). Therefore, one can conclude that Model (d) is able to provide an ideal balance of model accuracy, convexity, and computational performance for optimal BESS allocation in large transmission networks. Table II compares the costs related to (1) with regards to the four BESS modeling techniques. A comparison is presented across Models (a) to (d) considering network operation metrics (average and maximum voltage deviations); annual network operation costs; and BESS investment and repair costs and payback periods. More specifically, we utilize the discounted payback period (DPP) [30] for comparison. The following observations are made from Table II : • Model (a): As observed previously, this model introduces non-convexity into the optimal BESS allocation problem, which generates sub-optimal solutions. Therefore, the solutions generated by this model cannot be considered trustworthy from the perspective of a transmission system planner. It should be noted that this model generates the highest investment and repair costs, and DPP. • Model (b) : This model appears to generate optimal technoeconomic benefits among the four models as its DPP is the lowest. However, this convex model is not very realistic as it assumes the charging/discharging efficiency to be uniformly high for both LI and VRF BESSs. This does not give an accurate representation of the BESS investment and repair costs required, and consequently, the network operational benefits which are gained from this investment may be overly optimistic. • Models (c) and (d): Model (c) is an improvement over Models (a) and (b) from the convexity and accuracy viewpoints, respectively. Therefore, solutions generated by this model can be considered trustworthy from the transmission planner's perspective. Even though Model (d) is an LP approximation of Model (c), one can observe that the results generated using Model (d) are very close to those of Model (c). The key reason for the aforementioned closeness in results lies in the fact that the number and range of samples are carefully selected (as described in Section III) to ensure the optimality of BESS planning results with acceptable solution times.
V. CONCLUSIONS
In this paper, we developed LP optimization models for two diverse BESS technologies (VRF and LI) and integrated the models into a scenario-based optimal BESS allocation framework. Appropriate linearization of the overall BESS allocation framework was carried out for ensuring near-global optimality and scalability. The performance of the proposed BESS allocation approach was validated using a real U.S. transmission network. The performance of the LP optimization models was compared with three other BESS models; it was found that the LP optimization model provided an ideal balance from the model accuracy, convexity, and computational performance viewpoints. This research builds the foundation for a comprehensive and computationally efficient framework for co-optimizing the allocation of VRF and LI BESSs in practical transmission & distribution (T&D) networks (which are massive in size and complexity), while accounting for uncertainties due to system load and presence of renewable generation.
